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Abstract
A graph G is called (k; d)∗-choosable if for every assignment L satisfying |L(v)| = k for all
v∈V (G), there is an L-coloring of G such that each vertex of G has at most d neighbors
colored with the same color as itself. Let g(G) denote the girth of G and F the set of faces of
G. In this paper, we prove the following results: for a graph G on surface with genus r¿ 2,
we have: (a) G is (2; 1)∗-choosable if g(G)¿ r+9 and |F |¿ 21; (b) G is (2; 2)∗-choosable if
g(G)¿  65 (r + 5) and |F |¿ 13; (c) G is (2; 3)∗-choosable if g(G)¿ r + 5 and |F |¿ 14.
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1. Introduction and preliminaries
All graphs considered in this paper are 9nite, loopless, and without multiple edges
unless stated otherwise. For a graph G on surface of genus r, we denote its vertex set,
edge set, face set, girth, minimum degree and maximum degree by V (G), E(G), F(G),
g(G), (G) and (G), respectively. For x∈V (G) ∪ F(G), let d(x) denote the degree
of x in G. A vertex (face, resp.) of degree k is called a k-vertex (k-face, resp.). Let
NG(x) (or simply N (x)) denote the set of neighbors of a vertex x in G. Two faces
of a graph on surface of genus r are said to be adjacent if they have at least one
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common boundary edge. A vertex v and a face f are said to be incident if v lies on
the boundary of f. For x∈V (G)∪F(G), we use Fk(x) to denote the set of all k-faces
that are incident or adjacent to x, and Vk(x) to denote the set of all k-vertices that are
incident or adjacent to x.
Let the integer m¿ 1. A graph G is m-coloring with impropriety d, or simply
(m; d)∗-coloring, if the vertices of G can be colored with m colors so that each
vertex has at most d neighbors of the same color as itself. An (m; 0)∗-coloring is
an ordinary proper m-coloring. A list assignment of G is a function L that assigns
a list L(v) of colors to each vertex v∈V (G). An L-coloring with impropriety d,
or simply (L; d)∗-coloring, is a mapping  that assigns a color (v)∈L(v) to each
vertex v∈V (G) such that v has at most d neighbors colored with (v). A graph
is m-choosable with impropriety d, or simply (m; d)∗-choosable, if there exists an
(L; d)∗-coloring for every list assignment L with |L(v)| = m for all v∈V (G). Obvi-
ously, (m; 0)∗-choosability is the ordinary m-choosability introduced by ErdHos et al.
[2], and independently by Vizing [5].
The notion of list improper coloring was introduced independently by KSkrekovski [4]
and Eaton and Hull [1]. For planar graph and toroidal graph, some results are obtained.
In this paper, we consider the (m; d)∗-choosability of graphs with genus r¿ 2, and
obtain the following:
Main Theorem. Let G be a graph on surface with genus r¿ 2. Then
(a) G is (2; 1)∗-choosable if g(G)¿ r + 9 and |F |¿ 21;
(b) G is (2; 2)∗-choosable if g(G)¿  65 (r + 5) and |F |¿ 13;
(c) G is (2; 3)∗-choosable if g(G)¿ r + 5 and |F |¿ 13.
For proving this Main Theorem we need the following lemmas.
Lemma 1 (Lih Ko-Wei et al. [3]). Let G be a graph and d¿ 1 an integer. If G is not
(k; d)∗-choosable but every subgraph of G with fewer vertices is, then the following
facts hold:
(a) (G)¿ k;
(b) If u∈V (G) is a k-vertex and v is a neighbor of u, then d(v)¿ k + d.
Lemma 2 (Lih Ko-Wei et al. [3]). Let G be a graph such that G is not (k; d)∗-
choosable but every subgraph of G with fewer vertices is. If d(u)6 k + d for a
given u∈V (G), then d(v)¿ k + d for some v∈N (u).
2. Proof of main theorem
Let G be a connected graph with genus r¿ 2. For a positive integer k, the Euler–
Poincare’s formula |V (G)|− |E(G)|+ |F(G)|=2−2r can be rewritten in the following




[(k − 1)d(v)− 2k − r] +
∑
f∈F(G)
[d(f)− 2k − r]
= 4k(r − 1)− r(|V (G)|+ |F(G)|): (1)
De9ne a weight function w on V (G)∪F(G) by w(v)=(k−1)d(v)−2k−r if v∈V (G)
and w(f) = d(f)− 2k − r if f∈F(G). Thus, the total sum of weights is the number
4k(r − 1) − r(|V (G)| + |F(G)|). To prove Main Theorem by contradiction, we are
going to introduce discharging rules so that the total sum of weights is kept constant
while the discharging is in progress. However, once the discharging is 9nished, we can







4k(r − 1)− r(|V (G)|+ |F(G)|).
Proof of Main Theorem. Suppose that Main Theorem is false. Let G be a counterex-
ample with the fewest vertices. We may assume that G is connected. Otherwise, every
subgraph H of G with fewer vertices is still a graph embedded on the surface of
genus r¿ 2, thus H satis9es the conclusions of the theorem, a contradiction. Let L
denote an arbitrary list assignment of G satisfying |L(v)| = 2 for all v∈V (G). By
Lemma 1, (G)¿ 2 and G does not contain two adjacent 2-vertices. This implies that
|V2(f)|6 d(f)=2 for all f∈F(G). Moreover, if a vertex v satis9es d(v)6 2 + d,
then |V2(v)|6d(v) − 1 by Lemma 2. Again, we are going to de9ne appropriate dis-






w′(f)¿ 4k(r − 1)− r(|V (G)|+ |F(G)|):
Case (a): Let k =5 in formula (1). We have w(v)= 4d(v)− r− 10 if v∈V (G) and
w(f) = d(f)− r − 10 if f∈F(G). We de9ne one discharging rule:
(Ra) For every vertex v with d(v)¿ 3, we transfer 1 from v to each adjacent 2-vertex.
It is easy to check that w′(f)¿ − 1 for all f∈F(G) and w′(v)¿ − r for all
v∈V (G). Since |F |¿ 21, ∑v∈V (G) w′(v)+
∑
f∈F(G) w
′(f)¿− r|V | − |F |=−r(|V |+
|F |) + (r − 1)|F |¿ 20(r − 1)− r(|V (G)|+ |F(G)|).
Case (b): Let k=3 in formula (1). We have w(v)=2d(v)− r− 6 for v∈V (G) and
w(f) = d(f)− r − 6 for f∈F(G). We de9ne two discharging rules:
(Rb1) For every face f, we transfer 13 from f to every incident 2-vertex.
(Rb2) For every vertex v with d(v)¿ 4, we transfer 23 from v to every adjacent
2-vertex.
It is easy to check that w′(f)¿ − 1 for all f∈F(G) and w′(v)¿ − r for all
v∈V (G). Since |F |¿ 13, ∑v∈V (G) w′(v)+
∑
f∈F(G) w
′(f)¿− r|V |− |F |=−r(|V |+
|F |) + (r − 1)|F |¿ 12(r − 1)− r(|V (G)|+ |F(G)|).
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Case (c): Let k =3 in formula (1). We have w(v)=2d(v)− r− 6 for v∈V (G) and
w(f) = d(f)− r − 6 for f∈F(G). We de9ne one discharging rule:
(Rc) For every vertex v with d(v)¿ 5, we transfer 1 from v to each adjacent
2-vertex.
It is easy to check that w′(f)¿ − 1 for all f∈F(G) and w′(v)¿ − r for all
v∈V (G). Since |F |¿ 13, ∑v∈V (G) w′(v)+
∑
f∈F(G) w
′(f)¿− r|V |− |F |=−r(|V |+
|F |) + (r − 1)|F |¿ 12(r − 1)− r(|V (G)|+ |F(G)|).
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